Abstract This paper investigates a strong convergence property of rings of formal power series where the coefficient ring has the strong finite type (SFT) property. In particular, we show that if R [[x]] is SFT, then given two primes Γ 0 ⊂ = Γ 1 whose variable annihilation ideals agree, then x∈ Γ 1 . We also show that this strong convergence property completely characterizes Noetherian rings.
INTRODUCTION
In this paper we assume that all rings are commutative with identity. In [1] Arnold defined the SFT property. We recall that an ideal I⊆R is called an SFT ideal if there is a finitely generated ideal B⊆I, and a fixed natural number N>0 such that a N ∈B for every a∈I. We also say that R is an SFT ring if every ideal I⊆R (equivalently, every prime ideal)
has the SFT property. Clearly every finitely generated ideal has the SFT property with B=I and N=1, so any Noetherian ring is trivially SFT.
The SFT property is a property that was defined to highlight rings which have "bad power series dimension behavior"; that is, rings with finite Krull dimension such that the dimension of R [[x] ] is infinite. In [1] it was discovered that if R does not possess the SFT property, then dim(R [[x] ])=∞, even if dim(R)=0. Like coherence, the SFT property is an "almost Noetherian" property of a ring. It is of general interest to study such rings R, and in this paper we give an analytic connection between the ideal theory of R [[x] ] and the convergence of formal power series in the x-adic topology.
In this paper, we investigate a Noetherian-like property which we call super-convergence in SFT power series rings R [[x] ]. This property illustrates an analytic connection between the "formal" convergence of power series in the x-adic topology, and the ideal structure of gives a new characterization of Noetherian rings, and that radical super-convergence (superconvergence for each radical ideal) is a property possessed by every power series ring that is SFT.
We begin the investigation in the following section by deducing some of the consequences of the SFT property.
IMPLICATIONS OF THE SFT PROPERTY
We begin by noting that an SFT ideal Γ can be considered as an ordered triple (Γ, B, N) where Γ is the SFT ideal, B is the finitely generated ideal contained in I, and N is the natural number N> 0 such that a N ∈B for every a∈ Γ. In this paper we shall use this notation.
We note that the definition of SFT "almost" implies that I N ⊆B. We shall presently make this more precise, and we shall enumerate some important cases where it is true that I N ⊆B. 
Where n j ≥1 for every j. In particular, N!α 1 ...α N ∈B.
Proof: For a fixed N, the above is true if k=1 by definition. We proceed by induction; fixing N, we show an analogous formula for the case k+1 if k ≤N-1.
We begin by replacing α k in the above sum by α k + α k+1 which is also an element of Γ. We obtain:
Distributing the sum, we have
where i, j > 0.
By induction, the first two sums are in B, and the last one can be written in the form:
which concludes the proof.
REMARK 2.2
The fact that N!α 1 ...α N ∈B can also be obtained as an application of Proposition 2, page 100, [3] .
We shall now apply this theorem to see when the SFT data (Γ, B, N) satisfies the somewhat stronger condition Γ N ⊆B.
THEOREM 2.3 Let Γ be an SFT ideal of R, a ring of characteristic zero, and let P be a prime minimal over Γ such that P Z=(0). Then in the localization R P , Γ survives and
In particular, if R contains the rational numbers, then all SFT ideals Γ satify Γ N ⊆B.
Proof It suffices to show the first statement, as the second remark follows easily. It is easy to see that in R P , ΓR P is SFT with finitely generated ideal BR P . Theorem 2.1 gives that for any collection {a 1 , ..., a N } of elements of ΓR P , N!a 1 ...a N ∈BR P . But since P Z=(0), this implies that N! is a unit of R P . This concludes the proof.
We remark that not every SFT ideal can be localized to an ideal that satisfies the above conditions. The next example illustrates this as well as giving a concrete example of a non-Noetherian, zero dimensional SFT ring.
EXAMPLE 2.4 Let F be a field of characteristic p >0. Consider the ring
. R is a zero-dimensional, quasi-local (non-Noetherian) ring. R also has the SFT property. To see this note that for every r in the maximal ideal, r pk =0, by the binomial theorem. We also note that because of the fact that char(R)=p, pk! times any collection of pk elements of the maximal ideal is in (0). We also note that it has been shown in [1] As in Example 2.4, R is a zero-dimensional, quasi-local ring. However, for this example, dim(T n )=∞ for all n ≥1. The key difference in this example is that R does not possess the SFT property, and to see this we shall apply Theorem 2.1.
It is easy to see that the maximal ideal of R is M=(y 1 ,y 2 ,...), and that M is the radical of (0) (since every element of M is nilpotent). On the other hand, M k is not the 0-ideal for any k >0, as we can form arbitrarily long products of distinct y i 's which are clearly nonzero. But by Theorem 2.3, since R contains the rational numbers, M k must be (0) for some k >0, which is a contradiction. This is inconsistent with the statement in [6] that T 1 is one dimensional.
SUPER CONVERGENCE
In this section, we investigate the strong convergence property in SFT power series rings. We begin with the following definition. Conventionally, 0-stably SFT means that R is SFT, and stably SFT means that R is n-stably SFT for all n. In this section we will be primarily concerned with rings that are n-stably SFT for some n> 0. γ i x i where each γ i ∈I.
We write
We note that
which shows that the above sum is in I.
We note here that the above example shows that every ideal in a Noetherian ring has the super-convergence property. In contrast to the above situation, we shall look at another example.
EXAMPLE 3.5 Let R, T n , and y i be as in Example 2. y i x i converges in the x-adic topology, but the sum is in a much larger ideal than the one containing the term of the defining Cauchy sequence. We now introduce a theorem to illustrate the mechanics of this effect. Proof We wish to show that an arbitrary infinite sum 
This shows that γ is in the radical of Γ, and is therefore, by assumption, in Γ.
We say that R Proof Assume that x is not in Γ 1 and let γ be an element of Γ 1 \ Γ 0 . As the image ideals of Γ 0 and Γ 1 are identical we can find an element ξ 0 ∈ Γ 0 such that φ(ξ 0 )=φ(γ), and so we have γ=ξ 0 +xγ 1 . The fact that x is not in Γ 1 implies that γ 1 ∈ Γ 1 . We continue this process to obtain
But the fact that Γ 0 has the super-convergence property implies that γ ∈ Γ 0 , which is a contradiction. f i x i ∈ {f 1 , f 2 , ...}.
We remark that in Corollary 3.9, the convergence is absolute in the sense that rearrangements do not matter for convergence in the radical. It is also useful to note that this theorem is also untrue in the non-SFT case. The remark following the previous Corollary 3.8 also applies here [1] .
SUMMARY OF IMPLICATIONS
In this section, we tie together a few loose ends by summarizing our results, and highlighting some open questions. 
4. R is stably SFT.
5. R is n-stably SFT for some n >0. to the existence of a counterexample, and we conjecture that the answer to the question of finite dimensionality and SFT-stability is "no".
As a final concluding remark, we note that if R is not SFT, then we know by the work , consider the infinite tower of primes and choose the ith element in the ith prime, but not in the (i − 1)th prime. This gives a sequence of elements such that no power of the ith element is in the ideal generated by the previous elements. This establishes the remark of the previous paragraph that the SFT property "descends."
